Shot Noise in Schottky's Vacuum Tube is Classical 
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In these notes we discuss the origin of shot noise ('Schroteffekt') of vacuum tubes in detail. It will 
be shown that shot noise observed in vacuum tubes and first described by W. Schottky in 1918 
is a purely classical phenomenon. This is in pronounced contrast to shot noise investigated in 
mesoscopic conductors which occurs due to quantum mechanical diffraction of the electronic wave 
function. 



84.47+w, 72.70.+m 

I. INTRODUCTION 

Shot noise is due to time-dependent fluctuations in the 
electrical current caused by the random transfer of dis- 
crete units of charge. In 1918 Schottky JlJ analyzed these 
fluctuations in vacuum tubes theoretically for the first 
time arriving at his famous Schottky formula. It states 
that the spectral density S of the fluctuations at 'low' 
frequencies is proportional to the unit of charge e and to 
the mean electrical current |/|. 

In recent years shot noise of mesoscopic conductors 
has been investigated extensively ||. In these systems 
shot noise is a quantum phenomenon originating from 
the diffraction of wave functions ||. It is the quantum 
mechanical uncertainty of not knowing with absolute cer- 
tainty whether a particle incident on a scattering region 
transmit from source to drain that is responsible for shot 
noise. Schottky derived his formula before the existence 
of quantum mechanics, solely making use of classical sta- 
tistical mechanics. In retrospect one may ask the ques- 
tion whether shot noise in the vacuum tube is classical 
or not. The answer is not straightforward as many dis- 
cussions with colleagues have shown. Most engineers, 
for example, are convinced that shot noise is a classical 
phenomenon altogether. The mesoscopic physics commu- 
nity, on the other hand, tend to believe that shot noise 
in electrical conductor is quantum in general. There are 
colleagues who are in favor of a quantum-mechanical ori- 
gin for shot noise observed in the vacuum tube. This has 
motivated us to analyze the randomness contributing to 
shot noise in vacuum tubes in detail. It turns out that 
quantum diffraction in the emission process can be ne- 
glected in vacuum tubes. The main source of noise stems 
from the the classical occupation of electron states (i.e. 
the Boltzmann tail) within the cathode. Hence, Schot- 
tky's vacuum tube is classical! 



II. SHOT NOISE OF A TWO-TERMINAL 
CONDUCTOR 

We start with a simple derivation of the expression for 
the power spectral density of the noise of a two-terminal 
conductor along the lines of Martin and Landauer [Q. 
In their paper the fluctuating currents are a result of 
the random transmission of electrons from one terminal 
to the other. Different processes contribute to the noise 
for each energy E and mode n (only elastic scattering is 
assumed) : 
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A current pulse occurs whenever an electron wave 
packet incident from the left terminal (source) is 
scattered into an empty state in the right termi- 
nal (drain). The rate r^ 1 of these events is pro- 
portional to the probability /l(E) that an energy 
state E in the left reservoir is occupied, times the 
probability 1 — fn(E) that a respective state in the 
right reservoir is unoccupied, times the transmis- 
sion probability from left to right: T*{E) = T n (E): 



f L (E)[l - f R (E)]T n (E). 



(1) 



2. Of course the reverse process that electrons scatter 
from an occupied state in the right reservoir to an 
unoccupied state in the left reservoir contributes to 
noise, too. The rate of these processes is given by: 



where T%{E) 
into account. 



f R (E)[l-f L (E)]T n (E), 



(2) 



T*\E) = T n (E) has been taken 



Since we require an expression for the fluctuations, i.e. 
the deviations from the mean current, the mean current 
squared has to be subtracted. As the current is propor- 
tional to to T n (E) [fL(E) — fn(E)], the contribution from 
electrons at energy E in one specific mode n to the noise 
is proportional to: 
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f L (E)[l - f R (E)} T n (E) + f R (E)[l - f L (E)]T n (E) 

-[f L {E)-f R {E)?Tl{E). (3) 

The coefficient follows from the fact that if no bias is 
applied (V — 0) the expression for thermal noise Ak B dG 
must be recovered (9 is the temperature): 



S = 4k B 9G = 4k B 9G / dE 



Dm 

/ n 

= 2G W dE2f(E)[l - f(E)}T n (E), (4) 

with G = 2e 2 /h. In equilibrium (V = 0), f L (E) = 
f R (E) = f(E), where / denotes the Fermi-Dirac distri- 
bution. Then, expression (^) equals 

2f(E)[l-f(E)]T n (E). (5) 

Comparing Eq. (^) and Eq. (|J) the general expression for 
the shot noise of a two-terminal conductor (in the zero 
frequency limit) follows as pU 



S = 2 Go f dE {f L (l - f a ) T n + f R (l - f L ) T n 

-{fL~f R ] 2 Tl} 
= 2 Go [ dE{[f L (l - f R ) + f R (l - f L )} T„(l - T n ) 

+ [fL(l-f L ) + f R {l-.f R )] 2 Tl} (6) 



III. VACUUM TUBES 



(a) 




(b) 



FIG. 1. Vacuum tubes: (a) Schematics of a triode. Elec- 
trons having enegies larger than the work function W of the 
tungsten filament are emitted from the heated cathode (K), 
travel through the vacuum and are attracted by the positive 
anode (A), (b) Photograph of a historical tetrode (triode with 
additional grid) containing 4 electrodes (Telefunken EL 153). 



Figure |l](a) shows a schematics of a vacuum tube (triode): 
The heated cathode (K) made of a wounded tungsten 
wire boils off electrons into the vacuum. The emitted 
elctrons are attracted by the positively charged anode 
(Edison effect). A negatively biased grid (or many grids) 
between cathode and anode controls the electron current. 
By designing the cathode, grid(s) and plate properly, the 
tube converts a small AC voltage at the grid into a larger 
AC signal, thus amplifying it 0. In the following we 
diregard the grid and consider only the vacuum diode 
(as Schottky did). 
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FIG. 2. (a) Space-charge region formed in front of the cath- 
ode in a open-circuited tube, (b) For sufficiently high bias 
voltages V the space-charge is removed (saturation regime) 
and the potential drops linearly. W denotes the work func- 
tion. 

If the anode is floating, no net current flows from cathode 
to anode [Fig. ^(a)]. Instead, a negative space-charge is 
formed in front of the cathode, originating from evapo- 
rated electrons which are hold back by the ionized atoms. 
The size x °f the space-charge region can be calculated 
solving the Poisson-equation Aip(x) = —en(x)/eo for 
the electrical potential tp(x) with the electron density 
n(x) = no cxp(— eip(x)/kB9) ~ no [^~G^p(x) /k R 9], where 
no is the electron densitiy within the cathode: 
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eqk B 
noe 2 



(7) 



The higher the temperature 9 the larger the space-charge 
region. 

On the other hand, if the circuit is closed and the cath- 
ode is kept at an elevated temperature, a thermionic cur- 
rent flows from cathode to anode [Fig. ^(b)]. The mag- 
nitude of this current is limited by the negative space- 
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charge region in front of the cathode. This is also true 
if the anode is kept at a moderate positive potential. In 
this space-charge limited regime, the magnitude of the 
current is given by: 



I = 



V2 
9tt 



1/3/2 



L 2 



(8) 



with L the distance between cathode and anode J/J . Only 
for sufficiently large bias voltages V are all emitted elec- 
trons attracted by the anode and the space-charge region 
is removed. In this case, the current saturates (does no 
longer depend on the anode voltage) and is determined 
by the temperature of the cathode [Fig. H|. 
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FIG. 3. Current-voltage characteristics of a vacuum tube 
illustrating the 3/2-power law [Eq. (^)] and the saturation 
point (S). The dashed curves are IV-curves for different grid 
voltages. Within the saturation regime the current does no 
longer depend on the anode voltage because all electrons emit- 
ted by the cathode are collected at the anode. 

In the space-charge limited regime where the possibil- 
ity of escape of an electron is limited by Coulomb re- 
pulsion shot noise is suppressed. Full shot noise S = 
Spdsson — 2e|/| is only present in the saturation regime 
P|. The question whether shot noise in the saturation 
regime is classical or quantum in nature will be discussed 
in sect. Before, the electrical field and current in the 
saturation regime will be estimated. 



IV. ELECTRICAL FIELD AND CURRENT IN 
THE SATURATION REGIME 

At the edge of the vacuum barrier the electron density 
is approximatively given by hq — a~ 3 exp(— W/kgO) ~ 
5 • 10 16 m 3 with a ~ 1.2 A the typical interatomic dis- 
tance, W = 4.5 eV the work function of tungsten and 

9 = 2000 K the cathode temperature. The size x °f the 
space-charge region follows from (Q) and is of the order 

10 /im. The charge build up at the cathode corresponds 
to an electrostatic surface potential of ksO/e, so that the 
surface electric field can be estimated as £ ~ ksO/ex- 



Inserting numbers the saturation field is of the order 10 4 
V/m. 

The electrical current density due to thermionic emis- 
sion from a heated conductor is given by the Richardson- 
Dushman equation 0: 



j = Ce 2 exp{-W/k B 0) 



(9) 



with C = emk 2 B /2ir 2 h 3 = 120 AK" 2 cm" 2 . This expres- 
sion is only correct if the electrical field £ is so high that 
the space-charge region is removed (saturation regime) . 




£ = M0 3 V/m 
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FIG. 4. Image potential determining the barrier shape in 
emission of electrons from the hot cathode for different elec- 
trical fields £ . For very high fields the barrier becomes very 
thin allowing for electrons to tunnel (quantum regime). 

An emitting electron experiences a potential c/> deter- 
mined by the saturation field £ and its image potential 
in the (planar) cathode (image-potential), Fig. [|: 



(x) = —£x - 



1 



47reo x 



(10) 



The maximum of 4>{x) lies at xq = \J e/ Ait£q£ , where the 
barrier is lowered by e<j)(xo) = —2e^Je£ /A-keq ~ —8 meV. 
This is negligible in comparison with the work function 
W = 4.5 eV, so that the saturation current can be esti- 
mated disregarding the barrier lowering. For a cathode 
area of 10 -2 cm" 2 and 8 = 2000 K the emission current 
is of the order 10 fj,A. 



V. THE 'SCHROTEFFEKT' IN VACUUM TUBES 

In the saturation regime (no space-charge at the cath- 
ode) the shot noise due to the emission of electrons from 
cathode to anode is according to Eq. (^ given by 

S = 2Gq ^ J dE {fcathodeT n (l — T n ) + f cathode . 



quantum 



classical 



(11) 



Here we made use of the fact that fn = f anode = and 
that the occupation of states within the hot cathode at 
energy W above E F is small (classical): f L = f cathode = 
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exp(-W/k B 6) « 1. Therefore, f L (l - f L ) ~ f L . The 
current / due to emission at the cathode equals 

I = -T / dE f ca thode T n (12) 

n 

There are two terms in Eq. ( |Ti"| ) contributing to shot 
noise: the first term is of quantum mechanical origin since 
it only contributes for transmission probabilities T ^ 0, 1, 
hence, only if there are quantum uncertainties. In con- 
trast, the second term is classically because it dominates 
when all transmission coefficients are classical, i.e. either 
or 1. As we show now, both classical and quantum 
parts may yield Schottky's famous result independently. 
Classical part: Because all T n are either or 1, T 2 = T n 
and shot noise is consequently given by 



S — 2Gq J dE f 'cathode T n . 



(13) 



With Eq. [12| we arrive at Schottky's formula S = 2e|7|. 

Quantum part: In the special limit in which all T„'s 
are small (T n <C 1) the noise is due to tunneling (quan- 
tum diffraction). In this case the quantum term ~ T n in 
Eq. jTT| ) dominates, while terms proportional to T% are 
negligibly small. Hence again, S is given by 



S — 2Gq J dE f 'cathode T n . 



(14) 



and we obtain Schottky's formula S = 2e|7|, this time 
however, originating from quantum diffraction. 



In order to decide whether shot noise in vacuum tubes 
is classical or quantum, the transmission probabilities 
T„'s need to be evaluated. 



VI. TRANSMISSION PROBABILITY AT THE 
CATHODE 

The quantum-mechanical transmission probability for 
electrons with energy e above the barrier can be esti- 
mated with the following equation [|10||: 



1 



-27Te/hujQ 



(15) 



e is of order ksO with 9 the cathode temperature, loq 
denotes the negative curvature at the barrier top and 
determines whether the barrier is sharp or smooth. It 
can be obtained from the 'force-constant' 



dx 2 

with uj a = v//7^ 



= 2 v / 4^e^-f 3/2 



(16) 



Wo = . £ 3/4. 



(17) 



If TiuiQ <C ksd, T = 1 and the classical part of the shot 
noise in ( |TT1 ) dominates. In the opposite limit Tiuio S> 
ksd, the transmission probability T is small and shot 
noise is due to (quantum-mechanical) tunneling. 



c 
o 

IS) 

tf) 
E 
c 

CO 



1.0 



0.5 



0.0 







£=1-10 3 V/m 


/ 




/ _ — 


£ = 4-10 3 V/m 


/ ^ — 
' ^^"^ 


— £ = 9-10 3 V/m 


i y 


^ — ' 
— / 













-10 10 

energy (u.eV) 

FIG. 5. Transmission probability vs. energy e according 
Eq. (|l^) for different saturation fields £ . 

The first shot noise measurements in vacuum tubes 
were carried out by Hartmann in 1921 |l2|]. A very care- 
ful study of the 'Schroteffekt' was performed by Hull and 
Williams in 1925 ||. In the first part of that latter exper- 
iment shot noise was measured in the saturation regime, 
where the thermionic current is limited by temperature 
|l3| . The corresponding parameters are given in the first 
two lines of Tab. |. In this regime the full Schottky- 
noise 2e\I\ has been measured in excellent agreement 
with Millikan's value for the electron charge e. The ra- 
tio huo/kBO <C 1, so that the transmission probability is 
1. Therefore, shot noise observed in this experiment is 
classical. 



£ [V/m] 


Va [V] 


V P [V] 


io [mA] 


e [K] 




T 


F 


3 ■ 10 6 


120 


120 


1 


1675 


3.2 10" 2 


1 


1.00 


3 ■ 10 6 


120 


120 


5 


1940 


2.7 10" 2 


1 


1.00 


1 ■ 10 4 


-6 


130 


1 


1675 


4.4 10" 4 


1 


0.93 


1 ■ 10 4 


-6 


130 


3 


1805 


4.1 10" 4 


1 


0.49 


1 ■ 10 4 


-6 


130 


5 


1940 


3.8 10~ 4 


1 


0.20 



TABLE I. Experimental parameters from shot noise mea- 
surements of Hull and Williams in 1925. Va is the voltage at 
the grid and Vp at the anode plate, io is the thermionic cur- 
rent. F = 5/2e|/| denotes the Fano factor. The second last 
column shows that the shot noise observed in this experiment 
is a classical phenomenon. 
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In the second part of the experiment the effect of the 
space-charge on the shot noise was investigated at lower 
electric fields £ . The corresponding parameters are given 
in the last three lines of Tab. |. At lower temperatures 
the emission current is limited by temperature and the 
full Schottky-noise is observed. At higher temperatures, 
however, the space-charge builds up and shot noise is 
gradually suppressed due to Coulomb interaction. Note 
however, that for all these experiments huto/kBd is a very 
small parameter, so that T — 1 within very high accu- 
racy. Quantum corrections arise only in the 80th decimal 
after the comma! 



VII. CONCLUSION AND ACKNOWLEDGMENT 

In conclusion, we have shown (hopefully unambigu- 
ously) that shot noise in vacuum tubes is in general clas- 
sical. This is in profound contrast to shot noise observed 
in mesoscopic conductors. 
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